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Fig. 3.20, Callister & Rethwisch 4e.

7  crystal systems

Unit cell: smallest repetitive volume which 

contains the complete lattice pattern of a crystal.

a, b, and c are the lattice constants

Crystal Systems
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14 Bravais lattices
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Point coordinates for unit cell 

center are

a/2, b/2, c/2       ½ ½ ½

Point coordinates for unit cell 

corner are 111

Translation: integer multiple of 

lattice constants → identical 

position in another unit cell 
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Point Coordinates
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1. Vector repositioned (if necessary) to pass  

through origin.

2. Read off projections in terms of 

unit cell dimensions a, b, and c

3. Adjust to smallest integer values

4. Enclose in square brackets, no commas

[uvw]

ex: 1, 0, ½ =>   2, 0, 1 =>  [ 201 ]

-1, 1, 1

families of directions <uvw>

z

x

Algorithm

where overbar represents a 

negative index

[111 ]=>

y

Crystallographic Directions
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•  Coordination # = 12

•  ABAB... Stacking Sequence

•  APF = 0.74

•  3D Projection •  2D Projection

Adapted from Fig. 3.3(a),

Callister & Rethwisch 4e.

6 atoms/unit cell

ex: Cd, Mg, Ti, Zn

• c/a = 1.633

c

a

A sites

B sites

A sites Bottom layer

Middle layer

Top layer

Hexagonal Close-Packed Structure (HCP)
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• A four-axis (Miller–Bravais) 

coordinate system is used for 

hexagonal unit cell 

• The three a1, a2, and a3 axes are all 

contained within a single (basal) 

plane 

• The z axis is perpendicular to this 

basal plane. 

• Directional indices, which are 

obtained as described above, will be 

denoted by four indices, as [uvtw].

Coordinate axis system for a hexagonal 

unit cell (Miller–Bravais scheme)

HCP Crystals
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1. Remove brackets 

2. Divide by largest integer so all values 

are ≤ 1

3. Multiply terms by appropriate unit cell 

dimension a (for a1, a2, and a3 axes) 

or c (for z-axis) to produce 

projections 

4. Construct vector by stepping off 

these projections

Algorithm (Miller-Bravais coordinates)

Adapted from Figure 3.25, 

Callister & Rethwisch 4e.

Drawing HCP Crystallographic Directions (i)
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• Draw the              direction in a hexagonal unit cell. 

16

[1213]

4.  Construct Vector

1.  Remove brackets -1      -2      1      3

Algorithm a1 a2 a3 z

2.  Divide by 3
  

   

-
1

3
   -

2

3
     

1

3
     1

3.  Projections

proceed –a/3 units along a1 axis to point p

–2a/3 units parallel to a2 axis to point q

a/3 units parallel to a3 axis to point r

c units parallel to z axis to point s

    

  

[1 2 13]

p

qr

s

start at point o

Adapted from p. 62, 

Callister & 

Rethwisch 8e.

[1213] direction represented by vector from point o to point s

Determination of HCP Crystallographic Directions (ii)
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1. Vector repositioned (if necessary) to pass   

through origin.

2. Read off projections in terms of three-

axis (a1, a2, and z) unit cell dimensions 

a and c

3. Adjust to smallest integer values

4. Enclose in square brackets, no commas, 

for three-axis coordinates     

5. Convert to four-axis Miller-Bravais lattice 

coordinates using equations below:

6. Adjust to smallest integer values and 

enclose in brackets [uvtw] 

Adapted from p. 74, Callister & 

Rethwisch 4e.

Algorithm

    

   

u =
1

3
(2 ¢ u - ¢ v )

    

   

v =
1

3
(2 ¢ v - ¢ u )

    

  

t = -(u +v)   

  

w = ¢ w 

Determination of HCP Crystallographic Directions (ii)
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4.     Brackets                       [110]

1.     Reposition           not needed

2.     Projections a a 0c

1         1         0
3.     Reduction 1         1         0

Example a1 a2 z

5.     Convert to 4-axis parameters                       

    

   

u =
1

3
[(2)(1) - (1)] =

1

3

    

   

t = -(
1

3
+

1

3
) = -

2

3
    

  

w = 0

    

   

v =
1

3
[(2)(1) - (1)] =

1

3

1/3, 1/3, -2/3, 0     =>     1, 1, -2, 0    => [ 1120 ]

6.     Reduction & Brackets  

Adapted 

from p. 74, 

Callister & 

Rethwisch 

4e.

Determine indices for green vector

Determination of HCP Crystallographic Directions (ii)
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Adapted from Fig. 3.26, 

Callister & Rethwisch 4e.

Crystallographic Planes
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• Miller Indices:  Reciprocals of the (three) axial 

intercepts for a plane, cleared of fractions & 

common multiples.  All parallel planes have 

same Miller indices.

• Algorithm
1. Read off intercepts of plane with axes in  

terms of a, b, c

2. Take reciprocals of intercepts

3. Reduce to smallest integer values

4. Enclose in parentheses, no  

commas i.e., (hkl)

22

Crystallographic Planes
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z

x

y
a b

c

4.     Miller Indices      (110)

example a b c
z

x

y
a b

c

4.     Miller Indices      (100)

1.     Intercepts 1         1        

2.     Reciprocals 1/1      1/1     1/

1         1        0
3.     Reduction 1         1        0

1.     Intercepts 1/2        

2.     Reciprocals 1/½      1/ 1/

2        0        0
3.     Reduction 2        0        0

example a b c

Crystallographic Planes
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z

x

y
a b

c
·

·
·

4.     Miller Indices      (634)

example
1.     Intercepts 1/2     1      3/4

a         b        c

2.     Reciprocals 1/½      1/1     1/¾

2 1      4/3

3.     Reduction 6 3        4

(001)(010),

Family of Planes   {hkl}

(100), (010),(001),Ex:   {100} = (100),

Crystallographic Planes
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• In hexagonal unit cells the same idea is used 

25

example a1 a2 a3   c

4.     Miller-Bravais Indices (1011)

1.     Intercepts 1         -1 1
2.     Reciprocals 1      1/

1        0 

-1

-1

1

1

3.     Reduction 1        0 -1 1

a2

a3

a1

z

Adapted from Fig. 3.24(b), 

Callister & Rethwisch 4e.

Crystallographic Planes (HCP)
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The 

Royal Sceptre 

- Cullinan I

Imperial State 

Crown of Great 

Britain - Cullinan II Single crystal 

Si

Single crystal
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• Crystalline: a single crystallite in a material 

(grain)

• Polycrystalline: multiple single crystallites 

coexisting in a material

• Grain boundaries: boundaries existing 

between different crystallites

FCC, BCC, HCP, …..

Grains


